The gradient terms of the Ginzburg-Landau (GL) expansion of a multiband anisotropicgap clean BCS superconductor are derived in the framework of a separable-kernel approximation. We are giving simple derivation of the general formula for the temperature dependence of the penetration depth in clean anisotropic multiband superconductor. The influence of disorder is analyzed close to Tc. The Bernoulli effect in superconductors is also analyzed in the framework of the used BCS approach.
Introduction
The Landau theory of second-order phase transitions 1 and its realization for superconductors, the Ginzburg-Landau (GL) gauge theory, 2 can be classified as belonging to the most illuminating theoretical achievements in XXth-century physics. The basic concepts advanced in these theories often find applications in interdisciplinary research. The microscopic Bardeen-Cooper-Schrieffer (BCS) theory 4 makes it possible to calculate the parameters of the GL theory. Thus the phenomenology of superconductivity can be reliably derived once the parameters of the microscopic Hamiltonian are specified. Such a scheme ensures that there is no missing link between the microscopic theory and the material properties of the superconductors.
The purpose of the present paper is to provide a simple methodological derivation of the gradient terms of the GL expansion, i.e. the temperature dependence of the penetration depth λ(T ) close to the T c . For the clean case is given the general formula for the temperature dependence of the London penetration depth and the Bernoulli effect is also analyzed.
Ginzburg-Landau equation
Consider now the gradient terms of the Ginzburg-Landau (GL) theory. A general expression for the tensor of the squared coherence lengths (ξ 2 ) αβ has been derived in Ref. 5:
In terms ofξ 2 the GL equation for the space-dependent order parameter Ξ(r) can be written as
where
Equation (2) is the extremum (minimum) condition for the GL free energy
(ξ 2 ) αβ , and a(T ) = ǫa 0 .
Using the eigenvalues ξ α andM α of the tensorsξ 2 andM we can introduce the temperature-dependent GL coherence lengths and penetration depths, respectively (0 < −ǫ ≪ 1):
which satisfy the following relation
where in Gaussian units µ 0 = 4π.
Isotropic alloys. Disorder renormalization of the Cooper pair mass
Let us illustrate now the operation of the above general expressions on the important for the applications case of dirty isotropic alloys. In this case we have
Using the identity ζ 3,0 + 2x c ζ 3,1 + x 2 c ζ 3,2 = ζ 1,2 one obtains the well known result due to Gor'kov, cf. Ref. 8:
where the following notation is to be recalled in relation to this equation (see, e.g., Ref. 9):
and finally l = v F τ 2 . The 2% difference between the length ξ, introduced by Ginzburg and Landau, 2,3 and ξ 0P introduced by Pippard, 7 is experimentally inaccessible. So is the several percent difference between the exact microscopic result (11) and its Padé approximant shown in Fig. 1 . The Padé approximant for the mass renormalization can be easily derived 10 within framework of the Pippard-Landau theory, i.e. using the generalization of the local GL theory and nonlocal Pippard electrodynamics. These are generalized 10 by inserting the Pippard kernel between the two gradients in the GL expression for the free energy (5):
where R = r − r ′ , ξ ≈ ξ P , and
Experimental accessibility of the effective Cooper pair mass (T = 0)
The tensor introduced in Eq. (6) acquires dimension of mass if we renormalize the GL order parameter so as to have dimension of density. The total charge carrier density n tot is a fundamental theoretical notion. Thus it is of principle interests whether this quantity is experimentally accessible through the equilibrium thermodynamic properties of the vortex-free Meissner-Ochsenfeld phase. An approach to this problem has been outlined in Ref. 11 and is based on the current-induced contact-potential difference at the surface of a superconductor 11 (we call it the London-Hall effect):
For superconductors characterized with local electrodynamics ∆ϕ is a manifestation of the energy conservation law and the Bernoulli theorem 11 for charged superfluids in thermodynamic equilibrium:
For anisotropic superconductors λ in Eq. (15) corresponds to the direction of the current density j at the superconductor surface. All radio frequencies are too small compared to the typical gap parameters of superconductors. Hence ∆ϕ can be measured using a lock-in amplifier in conjunction with a suitable low-noise preamplifier. The superconductor surface under investigation, as shown in Fig. 2 , plays the role of one of the plates of the capacitor with capacitance c and resistance r c . The condition under which ∆ϕ can be directly measured reads
where f lock-in and R lock-in are, respectively, the operating frequency and the internal resistance of the lock-in amplifier. Typical voltages are ∼nV but for high-T c superconductors the Bernoulli signals will be considerably stronger. The key technological problem lies in the the properties of the superconductor-insulator interface-its quality should be comparable to that of the samples used for investigation of electric effects in superconductors. For pure crystals of elemental metals the total charge density is accessible trough Hall-effect measurements in the normal phase, but for dirty superconductors only the London-Hall effect gives such a possibility. Determination of the Hall constant by the current-induced contact-potential difference provides a tool for determination of the superfluid density at zero temperature n(0), en tot = e * n(0) = 1/R H . Thus knowing n(0) and λ(0) one can determine the effective mass of the Cooper pairs
All the three important parameters, R H , M CP , and λ(T ), can be determined by measuring the contact potential difference in thin (d film ≪ λ(T )) and thick (d film ≫ λ(T )) superconducting films. We should mention that strong enhancement of the effective mass due to disorder is valid for arbitrary band anisotropy if the averaged gap does not vanish: Let us attempt now a simple rationalization of the temperature dependence of the penetration depth. Our objective is to show that the result is in agreement with the formula for the coherence length, Eq. (1), for the clean case.
For a superconductor at T = 0, consider the current response to a small spacehomogeneous variation of the vector potential A(t). The Fermi surface is shifted in the momentum space as a rigid object; see, e.g., Ref. 6 . In this respect there is no difference between a superconductor and a normal metal at optical frequencies. The difference is only that the optical approach, ωτ ≫ 1, can be used for the static response of the clean superconductor. The electromagnetic field brings about a small change of the electron momentum Q = −eA(t) and the shift in the momentum space, p → p + Q, creates in turn a small shift of the electron kinetic energies:
Thus for the increase of the kinetic energy density we obtain:
where j = en c v dr , v dr = m −1 · Q, and n c = 2 εp<EF dp (2π ) 3
Whence the expressions for the penetration depth and the optical mass tensor read
The comparison with the Bernoulli effect considered in Sec. 3.1 tells us that the effective mass of the Cooper pairs in the clean limit is just twice the optical mass:
and neglecting some subtleties, e.g., the appearance of hole pockets, the total number of electrons corresponds to the total number of charge carriers n c and n tot . Formally, the effect of nonzero temperature reduces 6 to introducing an additional multiplier K in the averaging of the velocity-velocity tensor at the Fermi surface, i.e.
where ε n = (2n + 1)πk B T. For superconductors with strong coupling corrections we suggest an interpolation formula which can be used before a detailed theory to be developed. Having the solution of the Eliashberg equations Z n,p ,ε n,p and∆ n,p we can perform in Eq. (27) the substitution ε n →ε n,p = Z n,p ε n and ∆ n,p →∆ n,p . The procedure used by Kogan 6 is related to further substitution in Eq. (27)ε n,p → ε ′ n,p =ε n,p + 1/τ p . The function
gives implicitly the BCS expression 4 for the current response (for a simple derivation using temperature Green's functions see, for example, Ref.
For multiband superconductors, like MgB 2 , the general formula for the penetration depth reads
where λ −2 b (0) is the contribution of the bth band at T = 0. A careful fit of λ(T ) for MgB 2 could make it possible to separate the influence of the π-and σ-bands.
Returning to the expression for the kinetic energy density, Eq. (21), let us introduce the momentum of the pairs Π = 2Q, and the small-gap approximation
Then for a clean superconductor one obtains
where we have used the replacement
Equation (29) agrees with Eq. (1) for x c = 0 which is perhaps the simplest validation of the gradient terms in the GL expansion. In this way, for temperatures slightly below T c we obtainM
For isotropic-gap superconductors, χ = const, and arbitrary band anisotropy this equation together with Eq. (23) giveŝ 
Summary
We demonstrated that recent result by Kogan 6 can be easily obtained from the general BCS expression for the London penetration depth. It is necessary just an appropriate function K of the anisotropic gap and the temperature to be included in the averaging over the Fermi surface. We conclude that London-Hall coefficient is temperature-and disorder independent, and the Bernoulli effect is an adequate method for determination of R H . Given the penetration depth and the London-Hall coefficient at T = 0 we can determine the effective mass of the superfluid particles. This hydrodynamic mass is actually the optical mass extrapolated to zero frequency. For high-T c superconductors the Bernoulli effect gives the possibility to evaluate the vortex charge. We emphasize that Bernoulli effect and other electric field effects in superconductors, e.g., the surface Hall effect, gives a complete set of parameters describing the low-frequency current response of superconductors. For completeness we give the Pokrovsky-Pokrovsky 5 formula for the disorder dependence of the penetration depth close to T c .
